Introduction
Let Ω ⊂ ℝ be a bounded smooth domain in ℝ , ≥ 1. Given 0 ∈ 2 (Ω), ∈ ∞ (Ω) and ∈ ℝ, consider the family of problems parametrised by ∈ [2, ∞) where Δ ∶= div |∇u| p−2 ∇u denotes the -laplacian operator.
As pointed out by the authors in [4] , if > 2 the nonlinear laplacian give rise to a strong dissipation mechanism which ensures the existence of a compact global attractor (see [1, 8] ) for the semiflow generated by ( ) in the state space 2 
and is not difficult to show the existence of unbounded orbits for the semiflow generated by ( 2 ) if is large enough (see Section 3). Such behavior is typical of systems referred to in the recent literature as slowly non-dissipative dynamical systems (see [3, 6, 15] ). We must recall that a compact global attractor is a nonempty maximal compact invariant set attracting each bounded subset in the state space. In the context of slowly non-dissipative systems, which are characterised by the existence of unbounded orbits with the absence of finite time blowup, one cannot expect compactness for a proper extension of the notion of global attractor. In such case, the object to be considered would be nonempty, maybe unbounded, but minimal in the category of invariant sets which attracts all bounded subsets in the state space. This is referred to as non-compact global attractor (see Definition 3.2) and [3, 6, 15] ).
Our aim in this note is to address to the stability with respect to the parameter of such objets, comparing compact attractors in the dissipative case > 2 with the non-compact attractors in the nondissipative limiting case = 2 in terms of the Hausdorff semi-distance between then (see Section 4.1).
Despite of the intense development of the theory of dissipative systems, the called non-dissipative systems still needs a deeper understanding and we believe that studies as we carrie out on this paper may be of great motivation for that. This paper is structured as follows. In Section 2 we address to the dissipative case. In particular we setup the functional framework and present preliminary results concerned with the asymptotic behavior of solutions of ( ). In Section 3 we address to the non-dissipative case. We show the existence of unbounded orbits and their behaviour at infinity. We consider the notion of non-compact global attractor and by considering Poincaré's compactification as in [10] , it is possible to interpret such attractors as heteroclinics orbits connecting equilibrium points at infinite.
In Section 4 we address to the continuity with respect to the parameter of the orbits as well of the compact and non-compact global attractors.
The dissipative case: > 2
Let be the Hilbert space 2 (Ω) endowed with the standard inner product and the reflexive space 1, 0 (Ω) endowed, thanks to the Poincaré inequality, with the equivalent norm
Identifying with * , its topological dual space, we can write
i.e., each space is dense in the following one and the inclusion maps are continuous. In this particular case, * = −1, (Ω), where is the conjugate exponent of , 1∕ + 1∕ = 1. The inner product in will be denoted by ⟨⋅, ⋅⟩ whereas ⟨⋅, ⋅⟩ * , will denote the duality product between * and . As a consequence of the previous identification
and for all ∈ .
Let us now consider the (nonlinear) operator
where for , ∈ ℝ , ⋅ denotes the standard inner product in ℝ . It is well known (see [14, 17] ) that operator satisfies the following structural properties:
) The operator ∶ → * is maximal monotone, coercive and hemicontinuous;
) There are constants 1 , 2 > 0 such that for all ∈ the following conditions hold:
This allow us, in particular, to conclude that the set ( ) ∶= { ∈ ∶ ∈ } is dense in (see [4, Lemma 1] ).
Considering the -realization of the operator , i.e. the restriction of the operator on ( ) seen as an operator on (which we will still denote by ), it is well known (see [2, Example 2.3.7] ) that is a maximal monotone operator in . Therefore, can also be seen as the subdifferential of the lower semicontinuous convex functional
The problem ( ) can be now be written in the form
where ∶ → is the globally Lipschitz map defined as ( ) ∶= + .
Definition 2.1.
A function ∈ ([0, ∞); ) is a strong solution to (2.1) starting at 0 ∈ if is absolutely continuous in any compact subinterval of (0, ∞), ( ) ∈ ( ) for a.e. ∈ (0, ∞), (0) = 0 and
the strong solution to (2.1) starting at 0 at the time .
Definition 2.3 ([8]
). An subset  ⊂ is said to be a compact global attractor for the semigroup { ( )} ≥0 if  is a compact subset of , ( ) =  for all ≥ 0 and lim
Definition 2.4 ([8])
. A complete orbit for the semigroup { ( )} ≥0 through 0 ∈ is a continuous function ∶ ℝ → satisfying (0) = 0 and ( ) ( ) = ( + ), for all ∈ ℝ and ≥ 0.
Theorem 2.5 ([8]). If  ⊂ is the compact global attractor for the semigroup { ( )} ≥0 , then
∶ there exists a bounded complete orbit for { ( )} ≥0 through 0 }. The next Proposition shows how simple the dynamics of the system (2.1) is in the case ≤ 0. Proposition 2.7. If ≤ 0 then  = { * }, where * is the (unique) equilibrium point of ( ), i.e., * ∈ ( ) and * = * + .
Proof. Setting ( ) ∶= ( ) − * , one immediately obtains that
Moreover, it follows from Tartar's inequality (A.1) that
where 0 < 1 denotes the first eigenvalue of the Dirichlet Laplacian. Taking in (2.3) the inner product in with one obtains that
→∞ ←→ 0, if ≠ 0, and thanks to Ghidaglia's Inequality A.2,
In virtue of Proposition 2.7 a more complicated dynamics for system ( ), > 2, is expected only for > 0.
The non-dissipative case: = 2
Let 2 ∶ ( 2 ) ⊂ → be the Laplace operator with homogeneous Dirichlet boundary conditions, i.e., 2 ∶= −Δ with domain ( 2 ) = 1,2 0 (Ω)∩ 2,2 (Ω). It is well know (see [11] ) that ∶= − 2 is the generator of an analytic semigroup { } ≥0 in and the (classical) solution of (2.1), in the case = 2, is given by
As in the previous Section, we can define the semigroup { 2 ( )} ≥0 ⊂ ( ; ) by
the solution to (2.1) (in the case = 2) starting at 0 at the time . , we can easily see that = and ( ) = (0), for all ≥ 0. Therefore
On the other hand if { } ∞
=1
denotes the ortonormal basis of consisting of the (ordered) eigenvalues of the operator 2 , solution 2 can be expressed as
where the Fourier modeŝ 2 ( ) are given bŷ
3)
It follows from Parseval's identity that
(3.4)
From this discussion we derive the following Proposition As a immediate consequence of Proposition 3.1, if ≥ 1 there is no compact global attractor for the semigroup { 2 ( )} ≥0 . However, we consider a proper notion of non-compact global attractor suitable for slowly non-dissipative dynamical systems. Proof. The first part of the Theorem is proved by standard arguments based on the invariance of  2 . For the reader's convenience we present it. Let 0 ∈  2 be fixed. Since  2 = 2 (1) 2 , there exists −1 ∈  2 such that 2 (1) −1 = 0 . By induction there exists a sequence { − } ∈ℕ satisfying (1) − −1 = − for all ∈ ℕ.
Finally, defining ∶ ℝ → by In the following we describe in some detail the structure of a such non-compact global attractor. If 1 < 2 ≤ 3 ≤ ⋯ denote the eigenvalues of the operator 2 counted with multiplicity, let ( ) be the number of eigenvalues, counted with multiplicity, less or equal to , i.e., ( ) satisfies that
. By (3.3) if one considers unbounded orbits, since its norm grows to infinity with time, the Fourier modeŝ 2 ( ) with > ( ) will not affect the shape profile of such orbits as → ∞. Since we are concerned with its behavior at infinity, we are particularly concerned with the modeŝ 2 ( ) with 1 ≤ ≤ ( ).
Proposition 3.4. Consider an unbounded orbit 2 ( ) and its normalised trajectory
Proof. Just note that . Since ( − ) < ( − ) for all large enough, we have that
Remark 3.6. In this simple case ( = 2) where we have explicit solutions for the problem (2.1), we can explicitly describe the non-compact global attractor  2 .
Considering the eigenfunctions , = 1, 2, ⋯ , ( ) as initial data, it is not difficult to see that all the asymptotic behavior of 2 ( ) in the infinite is captured by the subspace generated by , with 1 ≤ ≤ ( ), which is minimal with such property, while bounded solutions must converge to * 2 exponentially fast. Therefore the non-compact global attractor  2 can be decomposed as
( ) } is the unbounded part of the global attractor.
In the following we describe the approach developed in [10] , based on Poincaré's projection, which allow us to interpret , 1 ≤ ≤ ( ) as equilibrium points of ( 2 ) at infinity, and therefore, unbounded orbits may be interpreted as heteroclinic connections to infinity.
First we embed into × ℝ and we identify with the affine hyperplane × {1} through the bijection ∋  → ( , 1) ∈ ×{1}. Finally, the affine hyperplane ×{1} is projected stereographically to the Poincaré hemisphere  ∶= {( , ) ∈ × ℝ ∶ ‖ ‖ 2 + 2 = 1, ≥ 0}. This transformation is given explicitly by the formula
The Poincaré's projection
As ‖ ‖ goes to infinity,  goes to the equator  ∶= {( , 0) ∈ × ℝ ∶ ‖ ‖ 2 = 1} of the Poincaré hemisphere. By applying the Poincaré transformation at equation (2.1) (in the case = 2) was observed in [10] that  −1 ( , 0), 1 ≤ ≤ ( ) play the role of equilibria for ( 2 ) at infinity. In addition to that, this Poincaré "compactification" of the phase space allows a rigorous analysis of the dynamics at infinity in more complicated situations, e.g. nonlinear equations.
Continuity properties of flows and attractors
We start with the continuity of the (bounded) equilibrium points. 
− ∫ Ω we get the result.
In the following we address to the continuity of semigroups. 
Integrating this last inequality from 0 to we obtain
By Gronwall's Inequality we conclude that 
Continuity of attractors
The Hausdorff semi-distance of two subsets ,  of a metric space ( , ) is defined as
Given a family { } ∈Λ of subsets of , we say that { } ∈Λ is upper semicontinuous at = 0 ∈ Λ if,
We say that { } ∈Λ is continuous at = 0 ∈ Λ if is both upper and lower semicontinuous at = 0 .  is a compact subset of , therefore (passing to a subsequence if necessary) →∞ ←→ 2 for some 2 ∈ . It remains to show that 2 ∈  2 . For this, it is enough to prove the existence of a complete orbit for { 2 ( )} ≥0 through 2 bounded in the past. Remark 4.5. To address to the lower semicontinuity of the family of compact global attractors for dissipative systems possessing a Lyapunov function (gradient systems), we can indicate the general scheme developed in [7, 9] . Such scheme is often applied in the case of semilinear equations (see [5] ) by assuming some robustness on the structure of the equilibria set, e.g. hyperbolicity. However, for quasilinear equations still it is an open problem how to apply it. We hope to address to this issue in a further paper.
A Appendix
For reader's convenience we collect some of the no so standard inequalities that we had use in the paper. , ∀ > 0.
